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Abstract 

Simple recursion relations for zero energy states of supersymmetric 
matrix models are derived by using an unconventional reducible represen- 
tation for the fermionic degrees of freedom. 



1 The model 

The supercharges of the model under consideration, 

Q/3 = {^-idtAlla + \lABCqsBqtClfo) ^aA, (1) 

with 

{daA, Ops] = "^^apSAB, (2) 

satisfy the supersymmetry algebra 

{Qp. (3/3'} = '5/3/3'2H + 47^0,(7M Ja, (3) 



where 



= -A + 1/ + \Wc,a^pb0c.a0i3b, 

V = -\T.it^i^^\Xs,Xt]\ (4) 

WaA.,f3B = ifABCqtClap 



and 



Ja = -if ABC {qsBdsC + \OaBdac) = La + Sa- (5) 

As each of the Qp squares to H on gauge-invariant states i.e. when Ja'^ = 
{A = 1, . . . , N"^ — 1 in the case of SU(A^)), it is convenient to sometimes suppress 
the index (3 (which, corresponding to the dimensions of the real representations 
for the 7's, takes Sd = 2((i — 1) different values iff d = 2, 3, 5 or 9). 
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Writing 

2A 

a=l 

with 2 A := Sd{N'^ — 1) (the total number of fermionic degrees of freedom), and 
choosing to be diagonal, it immediately follows from ^ and 

{Qp, Qp'} = {DaOa, D'M = [Da, D'.^Ob + D'M9a,9i,} (7) 

that the differential operators Da {(3 = /?') satisfy 

DaDa = -A + V± 2qdcLc (8) 

[Da, Db] = Wab ± 4(?dc5c(a, b), SciaA, PB) - ~lfABcSaf3 (9) 
and the ± sign corresponds to 



7/3/3 



+1 for /3 < ^, say, and 
-1 for/3> f . 



2 Recursive solution in the left-action represen- 
tation 

Consider the (reducible) representation of ^ in which the ^^s act by multiplica- 
tion from the left on the Clifford algebra they generate, i.e. on the vector space 
of polynomials 

* = + ^Jada + \lpabOadb + ■■■ + J^j^i^at^.a^Jai ■ ■ ■ Oa^j^ 
= X/fc=0 k\4'ai...ak(^ai()a2 ■ ■ ■ ^at- , 

where the coefficients 4'ai...a^ are totally antisymmetric in their indices. The 
(graded) Hilbert space of the model, = ©^^g^ = ® is spanned 
by such polynomials with ^ai...ak G £^(M'*'-^ ~^'')i so that normalizable cor- 
responds tqll 

•' t,A 

The dimension of this representation (dim ^ = 2^^) is vastly greater than 
that of the irreducible one, but it is completely reducible - breaking up block- 
diagonally into the direct sum of 2^ copies of the irreducible one. Hence, any 
non-trivial solution of = in Jif would imply the existence of a zero-energy 
state in the Hilbert space J& corresponding to the conventional irreducible rep- 
resentation. 

Letting act on Jf+ (the even-grade part of J^), Q/s'^ — amounts tcH 

D[a1pai...a2k] ~ 2k+l ^ ci^ acai . . .a2k J (1^) 



^One can define the scalar product in e.g. by (<I>, ^) = J {'^*cv^)o, where {■)rcv denotes 
reversion of the order of ds, (■)* complex conjugation, and (■)o projection onto grade in ,0^. 

^Cp. [l] for the corresponding irreducible (but manifest SO(d)-invariance breaking) for- 
mulation. 
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I.e. 

Da^ai...a2k ~^ Da;^1pa2...a2ka + . . . + -Dag^ V'aai . . .a2fc- 1 = Dc^acai...a2k ■ (l^) 

Acting on (fT5)) with Da and summing over a gives (—A + V ± 2qdcLc)ipai...a2k 
for the first term, and ^{Wac ± ^^QdcSciO', c))ipacai...a2k the right hand side. 
What about the 2k remaining terms 2kDaD[aitpa2...a2k]a'^ Cne has 

^a-^ai^a2...a2k<3' -^ai -^a'0a2 . . .a2fcQ ~^ (^^aai i ■ ■ ■)V'a2---ti2fcfi (14) 
= {2k - l)Da,D[a2lpa3...a2k] + i^aa^ ± ■ • •) V'a2 ■ ■ .Q2fe > 



using so 

2kDaDlaill^a2...a2k]a = 2kWa[ai'lpa2...a2k]a ± . . . + (2fc - 1) (2/c)i:)[Qj i:)a2 V'aa . . .02^] , 

(15) 

where the last antisymmetrized expression again equals |(W^[aia2 ^ ■ ■ )'4'a3...a2k] ■ 
The terms containing the bosonic La and fermionic Sa can either be shown to 
cancel using the assumption Ja^ = 0, or one simply adds the equations resulting 
for (3 < Sd/2 to the ones resulting for /? > Sd/2. In any case, what one can also 
obtain this way are of course the equations that result by considering iJ^E* = 
directly: 

(-A + VyJa,...a2k + 2kWa[a,^a2...a2k]a + k{2k - l)W[a,a2i'as . . .a2k] 

^ (16) 

— 2^^ac'^acai...a2k ' 

Their recursive solution could proceed as follows: The lowest- grade equation 
(-A + V)ij = \Wac^ac yields 

i>=\{^l\ + V)-^Wac^ac- (17) 

Using (fT7|) to replace ip in (fT6l) ,-_^. . . ., respectively ipa3...a2k ^Mk ^'^^ 
analogue of (fT7|) . 

'4'a3...a2k ~ 2 (■^2fe-2^ic'0Qc)a3...a2fc 1 (18) 

([TB)) takes the form 

{H2k'^)a,...a2k = ^Wac^aca,...a2k, (19) 

with H2k only acting on '^2k G Jf2k- This procedure is based on the fact that 
Hq = —A + V is invertible and the assumption that this also holds for higher- 
grade i?2fe on J^2k- 

3 Recursion relations in a diagonalizing basis 

Note that 

^WabdaOb + ^l/'aia2 6*01 6*02 + ^,ll'a^a2asa^0a,ea20a-,ea^ +...)= /i(g)1' (20) 

gives the set of equations 

\Wa2ati^ata2 = MV" 

^'0102^' + Wa^a'>Paa2 " Wa2ai^aat + \Wab'>Pbaata2 = ^"00102 (21) 
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while -ff = in the left-action representation gives 



(22) 



These equations can be simplified by performing a (pointwise) diagonalization 
W = UDU-^, where 



U = [W1,W2, . . . , WA, Wi, . . . , Wa], 



D = diag(Ai, . . . , A2a) = diag(/ii, . . . ,/iA, -^i, ■ ■ • , -^J■^), {i^k > 0). 



(23) 



Corresponding to changing to the space-dependent (non-hermitian) fcrmion 
basis 

which diagonalizes the fcrmionic part of the hamiltonian, 



Hp — hWabOaOb — h J2c ^cdlOc, 



one could introduce 



'ipdi...d„ := {U'^)aiai ■ ■ ■ (C^^)a„a„'0ai...a„ 



i.e. substitute 



-001. ..a„ = iU*)aid.i ■ ■ ■ (C^*)a„a„V'ai...a„ 

in all equations, and then use 

Wab = Ee UaeXe{U^)eb - Ee t^aeAeC/b*^ 

to simplify the recursion relations. Using that 



/ 
/ 



one finds, e.g. 



and 



Haia2,ciC2 '■— t^aiei ^a2e2^^eici ^e: 



(24) 
(25) 



(26) 
(27) 

(28) 

(29) 

(30) 
(31) 



{H'i/)aia2 - {H)aia2,bib2'>Pbib2 - t^aiai ^^0252 (^)'iia2,ei£2 V'£i£2 : (32) 

with H being unitarily equivalent to H, 



(33) 

The second equation in (|22p thus takes a form in which the effective operator 
on the left hand side becomes 



{H2)aid2,CiC2 — {HB)dia,2,ciC2 ^" ('^02 •^ai )^aici <5a2C2 



/ 
/ 



Xa2 Hg ^ 



/ 
/ 



(34) 
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Note that {Hb) 0.10.2, iiii2 = Ta^a^^gj^^ + V5aii^Sa2ii2 is unitarily equivalent to 
(T + V)6aici5a2C2 (and it may be advantageous to choose a non-canonical rep- 
resentation of the momentum operators ptA = Pa 'v^^ T = PaPa, to simplify T). 
The second term is the analogue of the A^A-part of the corresponding Hq in the 
space-independent fcrmions approach (see e.g. [Tj), while the third term exclu- 
sively acts between particle-hole pairs, as Oc+a = ^| (this feature, including the 
particle-hole observation, holds also for the higher k equations pB]) ). 
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